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a b s t r a c t

The Transformer-based models have achieved significant advances in language modeling, while the
multi-head attention mechanism in Transformers plays an indispensable part in their success. However,
the too-small head size caused by the multi-head mechanism will lead to one problem called the low-
rank bottleneck, which means that the rank of the attention weight matrix is too small to represent
any desired attention. Naively increasing the head size is insufficient to solve the problem because it
leads to severe parameter explosion and overfitting. To tackle this problem, we propose a mix-head
attention (Mixhead) which mixes multiple attention heads by learnable mixing weights to improve
the expressive power of the model. In contrast, Mixhead achieves a higher rank of the attention
weight matrix while introducing a negligible number of parameters. Furthermore, Mixhead is quite
general and can be easily adopted to most multi-head attention based models. We conduct extensive
experiments including language modeling, machine translation, and finetuning BERT to demonstrate
the effectiveness of our method.

© 2022 Elsevier B.V. All rights reserved.
1. Introduction

In recent years, the Transformer-based models have been
apidly emerging and achieved great success in a wide vari-
ty of natural language processing (NLP) tasks such as machine
ranslation [1], language modeling [2], relation classification [3],
ext summarization [4], reading comprehension [5] and question
nswering [6]. Besides, the Transformer architecture also has
een widely adopted to fields outside of NLP such as computer
ision (CV) [7], recommender system [8], and graph mining [9].
specially for CVs, there is a hot trend of replacing convolutional
eural networks (CNNs) with Transformers on tasks like image
lassification [10], object detection [11] and segmentation [12].
espite the success of Transformer, it is still a young network
rchitecture that needs in-depth study.
The Transformer architecture is mainly built upon the multi-

ead attention module. Unlike the single-head attention, multi-
ead attention divides the full hidden space into multiple parallel
ubspaces for computing attention scores. It is found that the
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multi-head mechanism has a significant impact on improving the
model performance [1]. However, there is a side effect of the
multi-head mechanism that the head size becomes considerably
small because a commonly adopted heuristic is to scale the head
size by a ratio of 1/(number of heads) to control the parameter
growth. Therefore, when the number of heads is too large, the
head size will be decreased too small to persevere the expressive
power of the model. We call it the low-rank bottleneck [13]
problem.

In a nutshell, the low-rank bottleneck refers to the rank de-
ficiency for the attention weight matrix when the head size is
smaller than the sequence length, which hurts the expressive
power of an individual head. Specifically, the n × n attention
weight matrix is computed from the inner product of the n × dq
query matrix and the n× dk key matrix, where n is the sequence
length and dk = dq is the head size. Suppose dk < n, the rank
of the inner product matrix is limited to at most dk. Although
it needs to go through a non-linear Softmax function to output
the final desired attention weight matrix, as we will show in
the later section, the low-rank bottleneck still exists. As natural
language is complex in nature and sequence modeling is very
context-dependent [14], we can reasonably argue that increasing
the rank of the attention weight matrix is beneficial for the
language modeling task. Prior work proposed the Fixhead [13] for
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his problem, which is to simply fix the head size to the length of
he input sequence. However, such a setting suffers from severe
arameter explosion and overfitting, which limits its use in actual
anguage modeling tasks.

In this paper, we are going to tackle the low-rank bottleneck
roblem in multi-head attention models. We propose a new mix-
ead attention (Mixhead) which mixes multiple attention heads
o improve the expressive power of the model. Our method has
he following advantages.

1. Comparing with the vanilla multi-head attention and the
previously proposed Fixhead method, our Mixhead suc-
cessfully achieves a higher rank of the attention weight
matrix and improves the expressive power of the model
(See Fig. 1, Fig. 3).

2. Unlike the Fixhead, Mixhead only introduces a negligible
number of parameters, which not only significantly alle-
viates the computational and the storage burden, but also
reduces the risk of overfitting (See Table 10).

3. Our method is simple yet effective and quite general for
most multi-head attention based models. People can easily
adopt Mixhead to their models with a minimum effort of
one-line-of-code change. Since Transformer models have
been popularized in various fields, we believe that many
studies could benefit from the Mixhead.

The rest of this paper is organized as follows. In Section 2,
e briefly introduce preliminaries about the Transformer archi-
ecture and the low-rank bottleneck problem. In Section 3, we
resent the proposed Mixhead for the problem. Section 4 shows
he experimental details and the results. Section 5 introduces
elated work. In Section 6, we draw our conclusion and discuss
he future research direction.

. Preliminaries

In this section, we introduce notations and give a basic
verview of the Transformer architecture. Then we introduce the
ow-rank bottleneck in multi-head attention models to motivate
he main idea of this paper.

.1. Transformer architecture

A Transformer neural network is stacked by l layers of Trans-
ormer block, which consists of a multi-head attention layer
ollowed by a position-wise feed-forward layer [1]. Both of the
wo sub-layers use residual connection [15] and layer normaliza-
ion [16].

We focus on the multi-head attention layer for analysis and
o not strictly distinguish attention and self-attention here. For a
iven input sequence X ∈ Rn×d, where n is the sequence length
nd d is the embedding dimension, the output of a multi-head
ttention layer is given as follows.

Q i,K i,V i = XW Q
i ,XW K

i ,XW V
i , (1)

headi = Attention(Q i,K i,V i) (2)

= Softmax
[Q iK

T
i

√
dk

]
V i (3)

= P iV i, (4)

MultiHead = Concat(head1, . . . , headh)W O, (5)

where W Q
i ∈ Rd×dq , W K

i ∈ Rd×dk , W V
i ∈ Rd×dv and W O

∈ Rhdv×d

re learnable projection matrices. For multi-head attention with
heads, the projection dimensions are set in a common heuristic
2

anner as dq = dk = dv = d/h to control the parameter
growth. P i ∈ Rn×n is the attention weight matrix for the ith head.
Concat(·) is the concatenation operation.

For the masked self-attention that is usually used in language
modeling tasks, Eq. (3) becomes

Softmax
[Q iK

T
i

√
dk

⊙ C i

]
V i, (6)

where ⊙ denotes the Hadamard product, C i is a lower triangular
ask matrix whose lower triangle elements are all 1 and upper

riangle elements are negative infinity. Since the masked self-
ttention is a special case of the self-attention, without loss of
enerality, we omit the mask in the following discussion.

.2. Low-rank bottleneck in multi-head attention

For single-head attention, it is necessary for the projection
imension d to be no less than the sequence length n to be able

to represent any desired attention weight matrix P . This can be
formulated as the following Representation Theorem [13].

Theorem 1 (Representation Theorem). If dq = dk = d ≥ n, then
given any full row rank matrix X ∈ Rn×d and any arbitrary n × n
positive row stochastic matrix P , there always exist d× d projection
matrices W Q and W K such that

Softmax
[ (XW Q )(XW K )T

√
dk

]
= P . (7)

If dq = dk = d < n, there exist X and P such that Eq. (7) does not
hold for all W Q and W K .

In other words, if the projection dimension d is less than
the sequence n, the produced attention weight matrix P could
be low-rank and thus has limited expressive power. This is
the so-called low-rank bottleneck. Interestingly, the Softmax is
a non-linear function that should be able to output a matrix
with arbitrary rank. However, empirical studies are against such
an intuition, which suggests that the low-rank bottleneck still
exists.

This problem is getting worse for the multi-head attention
because the head size dk is divided by the number of heads h,
which is much smaller than the sequence length n. For example,
a sequence with long length (e.g., n = 512) is usually preferred to
capture rich contextual information and long-range dependency
in language modeling [2]. However, by giving the number of
attention heads h = 8 and projection dimension d = 1024, the
head size dk is only 1024/8 = 128, which largely suffers from the
low-rank bottleneck problem.

We empirically show that the low-rank bottleneck indeed
exists in the multi-head attention models. We train a language
model using a 16-layer Transformer [17] on the WikiText-103
dataset [18] and give a spectrum analysis of the attention weight
matrix. In Fig. 1, we plot the normalized cumulative singular
values of attention weight matrix for each layer with red curves.
As expected, the curves are close to the upper left corner which
means the corresponding matrices are low-rank. In contrast, the
blue lines represent results from our method. It can be seen that
our method results in more uniformly distributed singular values
and successfully breaks the low-rank bottleneck.

3. Proposed method

In this section, we propose an alternative mix-head attention
to replace the vanilla multi-head attention to tackle the low-rank
bottleneck problem.
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Fig. 1. The plot of the normalized cumulative singular values of the attention
weight matrix per layer. Bold lines represent the average values. The closer the
curve is to the upper left corner, the lower rank of the corresponding matrix.

3.1. Mix-head attention

For conciseness, we first reformulate the multi-head attention
ormula in a tensor manner as follows.

Q ,K ,V = X · W Q ,X · W K ,X · W V , (8)

P = Softmax
[Q · K ′

√
dk

]
, (9)

H = P · V , (10)

ultiHead = Flatten(H)W O, (11)

where X ∈ Rn×d×1, W Q
∈ Rd×dq×h, W K

∈ Rd×dk×h, W V
∈

Rd×dv×h, Q ∈ Rn×dq×h, K ′
∈ Rdk×n×h, V ∈ Rn×dv×h, P ∈ Rn×n×h,

H ∈ Rn×dv×h and W O
∈ Rhdv×d. We use · to denote batch

matrix product, where the last dimension is the batch (broadcast)
dimension. Flatten(·) is the operation that flattens the last two
dimensions. In addition, we will use the transpose symbol ‘‘T ’’ to
reverse all dimensions of a tensor in this paper.

Instead of directly setting the projection dimension d equal
to the sequence length n [13] to achieve a high-rank attention
weight matrix P i, we propose to mix multiple low-rank matrices
to achieve the goal. The mixed attention is formulated as follows.

P̄T
= MT

· PT , (12)

where M is the mixing weight matrix. We propose two forms of
M . The first is to let M ∈ R1×h×h be a learnable mixing weight
atrix, where the first dimension corresponds to the sequence
osition and is broadcasted when doing batch matrix product.
e call it position-independent mixing since the mixing weights

re shared across all positions of the input sequence. Each mixed
ead is a linear combination of other heads, i.e., P̄ i =

∑h
j=1 mjiP j.

This implies an inductive bias that the way of mixing attention
heads is invariant to positions. The second is the position-wise
mixing, which calculates exclusive mixing weights for each input
token. The intuition is that different types of words might require
different types of mixing of heads. For example, a noun token and
a verb token can use different mixing weights as the attention
heads are shown to specialize in different linguistic notions [19].
Similar to the position-wise feed-forward network in the Trans-

former [1], we model the position-wise mixing weights by a

3

simple linear model. Let WM
∈ R1×dq×h and B ∈ R1×h×h be two

learnable parameters, Q ′
∈ Rn×h×dq be a transpose of the query

matrix Q ∈ Rn×dq×h that has n input tokens. We compute the
position-wise mixing weight matrix as MT

= WMT
· Q ′T

+ BT ,
where M ∈ Rn×h×h and its first dimension corresponds to the
n positions of the input sequence. We can see that the position-
wise mixing is a general form of the position-independent mixing
by setting WM

= 0. Therefore, we could expect that the position-
wise mixing is more or at least equally expressive compared with
the position-independent mixing.

3.2. Initialization strategy

We find that the initialization for the mixing weights has a
significant impact on convergence and language modeling perfor-
mance. Here we propose the initialization strategy that performs
best in our experiments compared with other initialization strate-
gies like random and uniform initialization. For the position-
independent mixing, we initialize M to an identity matrix I .
In this way, the mix-head attention is identical to the vanilla
multi-head attention at the beginning of training, i.e., P̄ i =∑h

j=1 mjiP j = P i. As the training goes on, the mixing weights are
optimized for finding the best way of mixing multiple attention
heads to minimize the training loss. Analogously, for the position-
wise mixing, we initialize WM to 0 and B to I , which introduces
zero prior knowledge about the data nor the model structure.
From the perspective of initialization, we can view the mix-head
attention as a general form of the vanilla multi-head attention
because they are the same at the beginning of training. Therefore,
we could reasonably expect the mix-head attention to be more
expressive than the vanilla multi-head attention.

3.3. Orthogonal regularization

It is worth noting that we do not constrain the mixing weight
matrix to be a column stochastic matrix in the previous formu-
lation, i.e., the mixing weights are unnormalized (

∑h
j=1 mji ̸= 1).

The resulting side effect is that the mixed attention weights do
not follow a valid probability distribution, i.e., P̄ i1 ̸= 1. We
elaborate on the reason for this choice and then propose an
alternative orthogonal regularization for normalization.

Firstly, we allow the mixing weight matrix to have negative
values because it can be more expressive than a non-negative
matrix. This means that not all heads contribute positively to
the new mixed head and some of them should be subtracted. If
we want to normalize the mixing weights while keeping nega-
tive values, the commonly used Softmax function is not suitable
because it only produces positive values. Therefore, we can only
choose the following normalization function.

norm(M ·i) =
M ·i∑h
j=1 mji

, (13)

where M ·i is the ith column vector of M . However, although
Eq. (13) perseveres negative values, it is numerically unstable
because the denominator could be zero, which is not acceptable
in actual implementation. Therefore, we have to give up the
property of being a stochastic matrix and turn to an alternative
ℓ2 normalization as follows.

normℓ2 (M ·i) =
M ·i√∑h
j=1 m

2
ji

=
M ·i

∥M ·i∥2
. (14)

The ℓ2 normalization is more numerically stable because its de-
nominator is strictly greater than zero. More importantly, an
ℓ -normalized vector is a unit vector, i.e., MTM = 1. This unit
2 ·i ·i
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roperty makes it easy to implement the constraint, as we will
how later.
On the other hand, as previous research has shown that dif-

erent attention heads specialize in specific aspects [1,19,20], we
ope that the new learned mix-head attention will not lose this
roperty. Our proposal is to make the mixed heads as diverse
s possible. Note that a mixed head is a linear combination of
ther heads weighted by a column of the mixing weight matrix,
.e., P̄ i =

∑h
j=1 mjiP j. Therefore, we constrain the columns of M

to be orthogonal to guarantee the diversity of the mixed heads,
which is formulated as

MT
·iM ·j = 0, ∀i ̸= j. (15)

The unit property and the column orthogonality property to-
gether make M an orthogonal matrix. Therefore, we can easily
implement all the above constraints by one regularization term
as follows.

Rorth = ∥MTM − I∥2
F . (16)

.4. Theoretical justification

We justify that the mix-head attention is able to output a high-
ank attention weight matrix under certain conditions. Without
oss of generality, we consider the case of P̄ = P1 + P2 with
he mixing weights m absorbed, from which the general case of
¯ =

∑h
i=1 miP i can be easily generalized. Marsaglia [21] gives a

ower bound for the rank of the sum of two matrices as follows.

heorem 2. Let A and B be two matrices of the same size. Let their
ow spaces be R1 and R2; their column spaces be C1 and C2. If

= dim(R1 ∩ R2), (17)

c = dim(C1 ∩ C2), (18)

hen

ank(A + B) ≥ rank(A) + rank(B) − c − d. (19)

By the theorem, rank(P̄) is no smaller than rank(P1) and
rank(P2) if min{rank(P1), rank(P2)} ≥ c + d. In other words, we
need c and d to be as small as possible to make P̄ high-rank.
ortunately, there are a lot of empirical evidence that different
ttention heads have their specific attending subspaces [1,19,20],
hich suggests that the row/column spaces of P1 and P2 are
on-intersected and thus c and d are small. The mixed attention
eight matrix could be high-rank in practice, and our empirical
tudies also confirm this observation.
Furthermore, we can explicitly impose orthogonal constraint

n P1 and P2, i.e., P1PT
2 = 0 ⇔ d = 0 and PT

1P2 = 0 ⇔ c = 0.
However, such a constraint cannot be strictly satisfied without
degeneration. Hence, we relax the constraint by the following
regularization terms.

Rd = ∥P1PT
2∥

2
F , Rc = ∥PT

1P2∥
2
F . (20)

By minimizing these regularization terms, a high-rank matrix P̄
can be achieved.1

4. Experiments

In this section, we present the experimental results of the
proposed method on typical NLP tasks including language mod-
eling, machine translation, and finetuning BERT. Then we take
language modeling as an example to further investigate the pro-
posed method.

1 Though we did not apply this regularization in our experiments as the mix-
ead attention already produces promising results (see Fig. 1), we still provide
t as a tool for readers’ use.
4

4.1. Language modeling

4.1.1. Datasets
The language modeling experiments are performed on three

widely used public datasets including the WikiText-2 & WikiText-
103 datasets [18] and the One Billion Word dataset (LM1B) [22].
The WikiText-103 dataset comprises consecutive sentences and
has about 103M training tokens and a vocabulary of 267K word
types. The WikiText-2 dataset is a small version of the WikiText-
103 dataset which shares the same validation set and test set,
but has a smaller training set of 2M tokens. The One Billion Word
dataset is the largest language modeling benchmark with shuffled
sentences, which contains approximately 768M training tokens
and a vocabulary of 793K word types.

4.1.2. Model configuration and experimental setting
We implement our mix-head attention upon four Transformer

baselines including the Vanilla Transformer [1], Transformer-
Baevski [17], Transformer-XL [2], and Synthesizer [23]. Vanilla
Transformer is a network simply stacking multiple multi-head at-
tention layers mentioned before. Transformer-Baevski is a Trans-
former variant which adopts an adaptive input embedding tech-
nique to lower the computational complexity. Transformer-XL
introduces a recurrent mechanism into the Transformer. Syn-
thesizer replaces the dot-product attention with the synthetic
attention which is parameterized by a shallow neural network.
The Transformer-XL model is implemented using the official
source code,2 and the others are implemented using the fairseq
toolkit3 [24]. We refer to the position-independent and the
position-wise mixing as the Mixhead A and the Mixhead B,
respectively. If not specified, we generally follow the default
parameter configuration given in their original source code. Note
that for the Transformer-Baevski model, the default parameter
configuration is too computationally intensive for us to bear.
Therefore, we have to half the effective batch size for saving the
experiment budget. We ensure that the Mixhead and the baseline
methods use identical hyper-parameters for comparability. Please
refer to the appendix for whole detailed model configurations.4

In addition, a prior work proposes an alternative non-linear ac-
tivation function Sigsoftmax [25] to replace the Softmax function
to address the low-rank bottleneck problem. We also compare
the Mixhead with this Sigsoftmax function, which is defined as
follows.

Sigsoftmax(Ai·) =
exp(Ai·)σ (Ai·)∑n
j=1 exp(Aij)σ (Aij)

, (21)

where σ (·) is the sigmoid function.5 Note that we will compare
the prior work Fixhead [13] in the later ablation section since it
simply increases the head size.

We evaluate all four Transformers on the medium-sized dataset
WikiText-103. However, for the small dataset WikiText-2, there
is a known issue that Transformers are easy to overfit on small
datasets. Therefore, we only evaluate two small models Vanilla
Transformer and Transformer-XL on this small dataset. For the
large dataset LM1B, we evaluate two models Transformer-XL and
Transformer-Baevski on it. Since LM1B comprises shuffled sen-
tences and there is no contextual dependency between consecu-
tive sentences, it is mainly used for testing the ability of modeling
short-term dependency. Therefore, the default configuration of
the Transformer-XL model only takes a short sequence of length

2 https://github.com/kimiyoung/transformer-xl.
3 https://github.com/pytorch/fairseq.
4 https://github.com/zhongzhang1/mixhead
5 We subtract the max value to prevent overflow in our implementation.

https://github.com/kimiyoung/transformer-xl
https://github.com/pytorch/fairseq
https://github.com/zhongzhang1/mixhead
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Table 1
Language modeling results on the WikiText-103 dataset, in terms of perplexity. The parameters in
parentheses after the model names represent the number of layers l, the number of heads h, the
head size dk and the sequence length n, respectively.
Models # Para. Valid. Test

Vanilla Transformer (l = 6, h = 8, dk = 64, n = 512) 156M 30.75 29.78
Vanilla Transformer + Sigsoftmax – 30.66 29.61
Ours - Vanilla Transformer + Mixhead A +384 30.00 28.86
Ours - Vanilla Transformer + Mixhead A + Sigsoftmax +384 30.08 28.93
Ours - Vanilla Transformer + Mixhead B +3456 29.65 28.67
Ours - Vanilla Transformer + Mixhead B + Sigsoftmax +3456 29.68 28.87

Transformer-Baevski (l = 16, h = 8, dk = 128, n = 512) 247M 21.45 20.54
Transformer-Baevski + Sigsoftmax – 21.10 20.18
Ours - Transformer-Baevski + Mixhead A +1024 20.49 19.58
Ours - Transformer-Baevski + Mixhead A + Sigsoftmax +1024 20.98 19.95
Ours - Transformer-Baevski + Mixhead B +17408 20.37 19.47
Ours - Transformer-Baevski + Mixhead B + Sigsoftmax +17408 20.88 20.06

Transformer-XL (l = 16, h = 10, dk = 41, n = 150) 151M 23.41 23.69
Transformer-XL + Sigsoftmax – 23.29 23.56
Ours - Transformer-XL + Mixhead A +1600 22.99 23.56
Ours - Transformer-XL + Mixhead A + Sigsoftmax +1600 22.96 23.47
Ours - Transformer-XL + Mixhead B +8160 22.66 22.92
Ours - Transformer-XL + Mixhead B + Sigsoftmax +8160 22.57 22.89
Synthesizer (l = 16, h = 8, dk = 128, n = 512) 248M 24.32 23.79
Synthesizer + Sigsoftmax – 24.02 23.53
Ours - Synthesizer + Mixhead A +1024 23.98 23.51
Ours - Synthesizer + Mixhead A + Sigsoftmax +1024 24.03 23.57
Ours - Synthesizer + Mixhead B +17408 23.40 22.77
Ours - Synthesizer + Mixhead B + Sigsoftmax +17408 23.47 22.92
Table 2
Language modeling results on the WikiText-2 dataset, in terms of perplexity. The parameters in
parentheses after the model names represent the number of layers l, the number of heads h, the
head size dk and the sequence length n, respectively.
Models # Para. Valid. Test

Vanilla Transformer (l = 16, h = 8, dk = 64, n = 256) 67M 92.16 83.97
Vanilla Transformer + Sigsoftmax – 91.62 83.34
Ours - Vanilla Transformer + Mixhead A +1024 91.56 83.39
Ours - Vanilla Transformer + Mixhead A + Sigsoftmax +1024 91.09 82.04
Ours - Vanilla Transformer + Mixhead B +9216 92.57 82.93
Ours - Vanilla Transformer + Mixhead B + Sigsoftmax +9216 90.97 81.77
Transformer-XL (l = 16, h = 10, dk = 41, n = 150) 40M 67.52 64.47
Transformer-XL + Sigsoftmax – 66.90 63.93
Ours - Transformer-XL + Mixhead A +1600 65.91 63.25
Ours - Transformer-XL + Mixhead A + Sigsoftmax +1600 65.87 63.02
Ours - Transformer-XL + Mixhead B +8160 65.53 62.46
Ours - Transformer-XL + Mixhead B + Sigsoftmax +8160 64.58 61.88
32 as input. We adopt this default configuration for evaluation
and find that the low-rank bottleneck still exists when processing
short sequences, we will discuss this finding in the later section.
To demonstrate the low-rank bottleneck effect when processing
long sequences, we partition the training data into blocks of 512
contiguous tokens instead of individual sentences for batching,
then we use the Transformer-Baevski model for evaluation. We
show that language modeling on this setting can still benefit
from the Mixhead even if the sentences in a sequence have no
long-term dependency.

We train vanilla baseline models and the Mixhead enhanced
odels on the training set, and evaluate them on the validation
et. The final test results are obtained from the checkpoint that
erforms the best on the validation set. We use perplexity as the
erformance metric for the language modeling task.

.1.3. Results
Table 1 shows the language modeling results on the WikiText-

03 dataset in terms of perplexity. As we can see, Mixhead
utperforms the baseline methods on all settings. The position-
ise mixing (Mixhead B) is better than the position-independent
5

mixing (Mixhead A) since it has more parameters. Still, the in-
creased numbers of parameters are quite small. The alternative
activation function Sigsoftmax outperforms the baseline method,
though it still underperforms our Mixhead method. However,
combining both the Mixhead and the Sigsoftmax methods does
not bring a significant improvement on this dataset.

TheWikiText-2 dataset is a subset of the WikiText-103 dataset.
Because of its small size, we encountered a severe overfitting
problem. Therefore, we have to apply stronger regularization
techniques like dropout to obtain reasonable results. Neverthe-
less, we did not finetune the model hyper-parameters because
our purpose is only to demonstrate the effectiveness of the pro-
posed method, not to achieve the state-of-the-art performance on
the small dataset. Table 2 reports the language modeling results
on this dataset. Mixhead generally outperforms baseline methods
except for the setting of Vanilla Transformer + Mixhead B. This
may be because stronger regularization makes the training pro-
cess more volatile and a bad local optimum is obtained. Different
from the WikiText-103 dataset, combining both the Mixhead and
the Sigsoftmax methods achieves significant improvement on this
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Table 3
Language modeling results on the One Billion Word dataset, in terms of perplexity. The parameters
in parentheses after the model names represent the number of layers l, the number of heads h, the
head size dk and the sequence length n, respectively.
Models # Para. Valid. Test

Transformer-Baevski (l = 16, h = 8, dk = 128, n = 2048) 330M 38.03 37.66
Ours - Transformer-Baevski + Mixhead A +1024 37.05 36.90
Ours - Transformer-Baevski + Mixhead B +17408 34.21 34.38
Transformer-XL (l = 18, h = 8, dk = 128, n = 32) 294M 32.03 32.16
Ours - Transformer-XL + Mixhead A +1152 29.88 29.95
Ours - Transformer-XL + Mixhead B +19584 29.44 29.51
.

small dataset. However, we have to be cautious to draw any
conclusion based on the small dataset because it might not be
generalized to other settings.

Table 3 reports the language modeling results on the large-
ized LM1B dataset. Our Mixhead method outperforms the base-
ine methods by significant margins, and the position-wise mix-
ng is better than the position-independent mixing as expected.
owever, it is worth noting that the Transformer-Baevski base-
ine method can get a much better perplexity according to the
aper’s results, and the performance gap between the baseline
ethod and the Mixhead method can be further narrowed if

raining longer for full convergence. This is because the effective
atch size of our runs is halved and the way of batching is
ifferent. The original setting requires 64 GPUs for training, which
s beyond our ability. Despite the compromise of experimental
ettings, we can see that Mixhead is effective in improving the
erplexity and convergence. Interestingly, Mixhead can outper-
orm the Transformer-XL baseline despite the fact that it should
ot be affected by the low-rank bottleneck problem as dk > n. We
ill discuss this phenomenon in the later ablation study section.

.2. Machine translation

.2.1. Remark
Before we start presenting the machine translation experi-

ent, we must justify that machine translation is not a suitable
ask for demonstrating the low-rank bottleneck problem. We in-
lude the experiment only for a comprehensive study. The reason
as two folds: Firstly, the common machine translation corpora
re built for short sentence translation, whose average sequence
engths are short (e.g., n ≈ 24 < dk). Thus, it is not affected by the
ow-rank bottleneck problem. Secondly, the machine translation
asks adopt the encoder–decoder architecture and is sensitive to
ource–target alignment [1,26,27]. To translate a word correctly,
t generally requires a precise attention of certain specific words.
n other words, the attention weight matrix for the machine
ranslation task is inherently low-rank, which is against the basic
otivation of the Mixhead. However, we still show that the
ixhead can outperform the baseline model when intentionally
etting n > dk.

.2.2. Dataset
Since the machine translation task is not the target task of this

aper, we chose a small dataset only for a primary demonstration.
e use the IWSLT 2014 German–English (De-En) dataset [28]

or demonstration, which contains approximately 160K sentence
airs for training and 7K sentence pairs for validation. We con-
atenate chunks tst2010, tst2011, tst2012, dev2010 and dev2012
o form the test set. The source/target language has an average
equence length of 24.2/23.6 and a vocabulary of 8848/6632 word
ypes, respectively.
6

Table 4
Machine translation results on the IWSLT 2014 DE-EN dataset, in terms of BLEU
Models h dk n Validation Test

Baseline 4 128 ≈24 35.28 34.76
+ Mixhead A 34.71 33.84
+ Mixhead B 35.06 34.25

Baseline 32 16 ≈24 33.31 32.60
+ Mixhead A 32.94 32.58
+ Mixhead B 33.15 32.35

Baseline 64 8 ≈24 28.69 27.88
+ Mixhead A 31.74 31.32
+ Mixhead B 31.75 31.44

Fig. 2. Learning curve of machine translation on the IWSLT 2014 DE-EN dataset.

4.2.3. Model configuration
We build the baseline Transformer model [1] using the fairseq

toolkit. Specifically, it has a 6-layer encoder and a 6-layer decoder
with 512-dimensional hidden units and embeddings. The inner
feed-forward layer has 1024-dimensional hidden units. For the
normal setting, we set the number of heads h = 4 that yields
dk = 128. To demonstrate the low-rank bottleneck effect (n >

dk), we intentionally set the number of heads h to be 32 and
64, and the resulting head size dk is 16 and 8, respectively. The
three settings have the same number of parameters, thus the
performance discrepancy is mainly from the mix-head attention
mechanism. We give the detailed model configuration in the
appendix.

4.2.4. Results
We summarize the machine translation results in terms of

BLEU score in Table 4 and plot the corresponding learning curves
in Fig. 2.
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Table 5
GLUE test results scored by the online evaluation server.
Tasks Mixhead BERT - Our run BERT - Official

MNLI-m 83.6 83.4 84.6
MNLI-mm 82.8 82.9 83.4
QQP 70.2 70.1 71.2
QNLI 90.9 90.7 90.5
SST-2 93.7 93.5 93.5
CoLA 55.4 52.6 52.1
STS-B 85.2 84.7 85.8
MPRC 87.7 87.4 88.9
RTE 68.4 68.0 66.4

As mentioned earlier, when the sequence length is much
maller than the head size, i.e., n ≈ 24 ≪ dk = 128, the
odel is not affected by the low-rank bottleneck problem, but

he introduced additional mixing weight parameters could be of
o use to machine translation and increase the learning burden,
hich accounts for why Mixhead underperforms the baseline to
n extent. When n ≈ 24 > dk = 16, the model starts to be
ffected by the low-rank bottleneck problem. Note that 24 is the
verage length of the input sequence, the medium length is only
9 which is marginally larger than 16. Therefore, the low-rank
ottleneck effect is not obvious, and the benefits of Mixhead just
tart to appear. Although the Mixhead still underperforms the
aseline, the gap of the test BLEU scores between the Mixhead
/B and the baseline narrows from 0.92/0.51 to 0.02/0.25. When
≈ 24 ≫ dk = 8, the model largely suffers from the low-

ank bottleneck problem. Therefore, the model can benefit a lot
rom the Mixhead. We can see that the Mixhead outperforms the
aseline by a large margin.
From the learning curves shown in Fig. 2, we can see that the

ixhead always converges faster than the baseline, especially for
he settings of n > dk. We conjecture that mixing heads can make
he learning parameters less discrete and yield smoother gradient
low, which eases the difficulty of optimization. In addition, we
lso experiment with fixing the number of heads and head size
hile increasing sequence length by concatenating sentences
e.g., n ≈ 240) to synthesize the low-rank bottleneck effect.
e observe interesting results that the Mixhead can converge
ell and output reasonable translation (BLEU = 34.5), while
he baseline does not learn any translation at all (BLEU < 1.0).
his further suggests that the Mixhead has advantages on con-
ergence. However, the reason behind remains unclear, and we
ill leave this issue to future study.

.3. Finetuning BERT

.3.1. Settings
It would be ideal to train a BERT model from scratch to evalu-

te the effectiveness of Mixhead for pre-trained language models.
owever, such a setting is too expensive for us to bear. Therefore,
e decide to only conduct finetuning experiments using the
re-trained BERT. Since the parameters of Mixhead are not pre-
rained, and the pre-trained BERT parameters are not trained to
it the mixing paradigm, we have to modify the standard fine-
uning procedure with more training steps and a larger learning
ate for Mixhead parameters. We implement the position-wise
ixing upon the Transformers toolkit6 [29], and adopt the pre-

rained BERT-base model for finetuning. We finetune the model
n the GLUE [30] and the SQuAD v1.1 benchmark [31]. The whole
etailed parameters settings are listed in the appendix.

6 https://github.com/huggingface/transformers.
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Table 6
SQuAD v1.1 validation results.
Models EM F1

Official - BERT 80.8 88.5
Our run - BERT 80.6 88.0
+ Mixhead 81.0 88.4

4.3.2. Results
The results of finetuning BERT on the GLUE and the SQuAD

benchmark are presented in Tables 5 and 6, respectively. On
the GLUE benchmark, Mixhead outperforms the baseline over 8
tasks by a small margin except for the CoLA task which gains a
significant +2.8 improvement. On the SQuAD benchmark, Mix-
ead achieves a 0.4/0.4 improvement over the baseline in terms
f EM/F1. It is not a surprise that Mixhead only gains a small
mprovement on finetuning tasks since the BERT weights are not
esigned and pre-trained for the mixing. We have to admit that
inetuning BERT is still insufficient to validate the effectiveness
f Mixhead. However, we do not have enough computational
esources to support a full training-from-scratch experiment at
resent, we will leave it to future research.

.4. Ablation study

In this section, we perform ablation experiments over a num-
er of facets of Mixhead. We take the Transformer-Baevski model
17] as the baseline and perform language modeling on the
ikiText-103 dataset. It is important to note that ablation re-

ults from different tables are not comparable even though they
se the same network because they use different data batching
nd evaluation protocols. We have to make such a compromise
ecause of the hardware limit. However, we strictly ensure that
he results within each table use the identical setting and thus
re comparable. We give a detailed configuration of the ablation
tudy in the appendix.

.4.1. Spectrum analysis of the attention weight matrix
We verify that Mixhead achieves the goal of improving the

ank of the attention weight matrix. It is worth noting that when
e say that a matrix is of low rank, we actually mean that the
ingular values of the matrix follow a long-tailed distribution,
hich means a few large singular values take the most mass of
he distribution. The reason is that there are no strictly zero-
alued singular values of the matrix for us to calculate the rank
ecause of the non-linear function Softmax. Therefore, we give a
pectrum analysis of the attention weight matrix.
We report the results on the WikiText-103 dataset and the

M1B dataset. Fig. 3 shows the normalized cumulative singular
alues of the attention weight matrices. The closer the curve is
o the upper left corner, the lower rank of the corresponding
atrix. As we can see, the vanilla baseline does show a low-rank
ffect since the singular values follow long-tailed distributions,
specially for certain layers. For the Sigsoftmax method, it has
nly a marginal improvement on the spectrum. Compared with
he baseline, the two Mixhead methods achieve more uniformly
istributed singular values. However, there is no significant dif-
erence between the two mixing methods.

Interestingly, the low-rank bottleneck effect also appears in
he setting of n < dk (the lower right figure). This is because the
input sequence matrix X ∈ Rn×d is not full row rank. The reason
lies in that English sentences follow similar syntactic structure
patterns, and sentences are similar in frequently used function
words (e.g., articles, pronouns, prepositions, conjunctions, et al.).
Therefore, the input sequences are linearly dependent. This phe-
nomenon further exacerbates the low-rank bottleneck problem,
and it also explains the performance improvement of language
modeling when n < d .
k

https://github.com/huggingface/transformers
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Table 7
Ablation study over random mixing and average mixing.
Models h dk n Validation Test

Baseline 8 64 512 21.82 20.89
+Mixhead A 21.20 20.48
+Mixhead B 21.10 20.18
+Mixheadrand 22.26 21.39
+Avghead 22.50 21.57

4.4.2. Random mixing and average mixing
The random attention is shown to work in recent papers [23,

2,33]. Analogously, we study whether randomly mixing the at-
ention heads can have improvement. We use Mixheadrand to
enote the random mixing method, whose mixing weight matrix
is initialized from the normal distribution and fixed during the

raining. We also set a comparison baseline denoted by Avghead
hose M is initialized from the uniform distribution, which es-

sentially averages all heads. As shown in Table 7, it is no surprise
that Avghead is the worst since it degenerates to the single-head
attention with redundant parameters. Mixheadrand outperforms
vghead but underperforms Mixhead and baseline by a large
argin. This suggests that learning an effective combination of
ultiple heads is essential to the model performance.
 r

8

4.4.3. Ablation over number of heads, sequence length, and head size
We explore the impact of number of heads h, sequence length

, and head size dk on language modeling performance, respec-
ively.

Number of Heads. We fix the head size dk = 64, sequence
ength n = 512, and then vary the number of heads h to observe
ts impact on language modeling performance. Note that the head
ize and the number of heads are decoupled, thus the number
f model parameters increases with the number of heads. As we
an see from Table 8, a general trend is that the performance
mproves as the number of heads increases. However, we observe
hat the performance of h = 10 is worse than that of h = 8.
e consider this is because the model starts to overfit since the
umber of parameters increases and the training perplexity of
= 10 is smaller than that of h = 8 (19.51 < 19.90 for baseline,
nd 18.08 < 18.61&18.00 < 18.33 for Mixhead A/B).
Sequence Length. Analogously, we vary the sequence length

while fixing the other parameters and give the ablation results
n Table 9. Since language modeling is highly context-dependent,
odels can always benefit from longer sequences. Compared
ith the baseline, the Mixhead has lower perplexities for all

engths. Note that the numbers of model parameters are the
ame for all length settings, thus the improvement comes from
he increase of sequence length rather than the increase of pa-
ameters. However, the quadratic complexity of self-attention
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Table 8
Ablation study over number of heads h, in terms of validation/test perplexity.
h dk n Baseline Mixhead

A B

2 64 512 23.62/22.87 22.90/22.11 22.66/21.89
4 22.55/21.68 22.02/21.19 21.95/21.02
6 22.04/21.09 22.09/21.13 22.02/21.15
8 21.82/20.89 21.20/20.48 21.10/20.18
10 22.11/21.33 21.29/20.49 21.65/20.67

Table 9
Ablation study over sequence length n, in terms of validation/test perplexity.
n h dk Baseline Mixhead

A B

32 8 64 37.05/27.36 36.11/26.59 36.19/26.36
64 29.59/24.66 28.87/23.93 28.82/23.83
128 25.47/23.07 24.66/22.38 24.99/22.73
256 23.05/22.13 22.27/21.45 22.40/21.57
512 21.79/21.69 21.34/21.29 21.26/21.16

Table 10
Ablation study over head size dk , in terms of validation/test perplexity.
dk n h Baseline Mixhead

A B

32 512 8 22.66/21.77 22.40/21.74 22.35/21.46
64 21.85/21.02 21.39/20.60 21.49/20.75
128 21.03/20.15 20.23/19.30 21.08/20.09
256 20.72/19.74 20.15/19.29 20.15/19.22
512a 21.21/20.17 20.37/19.46 20.36/19.51

aIndicates the Fixhead [13] which sets the head size equal to the sequence
length.

prevents increasing the sequence length without limit. Therefore,
we recommend setting n = 512 for the language modeling task.

Head Size. Table 10 shows the ablation results over the head
size dk. Note that this ablation study can be seen as a comparison
between the Mixhead and the Fixhead [13] because the Fixhead
simply increases the head size. Although we indeed observe that
the performance improves with the increase of head size, the
model starts to overfit when dk = n = 512. Besides, a large head
size considerably increases the computing and memory burden.
This suggests that naively increasing the head size is not the best
solution to the problem. By comparison, Mixhead can achieve a
better result while having significantly fewer parameters. Take
the Baseline dk = 256 and the Mixhead A dk = 128 as an
example, Mixhead achieves a lower perplexity 19.30 < 19.74 but
only uses 247M/314M = 0.79 times the number of parameters,
and note that the Fixhead that has 448M parameters encounters
a heavy overfitting problem and starts to fail.

5. Related work

5.1. Transformer model

The Transformer is initially developed as an encoder–decoder
model for the machine translation task [1]. Now, when talking
about Transformers, it usually refers to the encoder that is used
as a feature extractor. The Transformer has been largely popu-
larized since the success of the pre-trained language models like
BERT [34] and GPT [35], which are essentially stacking of Trans-
former blocks. Since then, Transformer variants have been rapidly
emerging from various aspects. For example, Dai et al. [2] equip
the Transformer with a recurrence mechanism for modeling long
sequence; Baevski and Auli [17] introduce the adaptive input

representation for neural language modeling, which substantially

9

reduces model parameters; Wang et al. [36] propose a constituent
attention module to integrate the tree structure; Child et al.
[37], Beltagy et al. [38] and Zaheer et al. [32] explore the sparsity
structure of the attention weight matrix; Kitaev et al. [39] use
a locality-sensitive hashing to replace the dot-product attention
for improving efficiency; Tay et al. [23] propose to replace the
dot-product attention with the synthetic attention which is pa-
rameterized by a shallow neural network. Note our method is
orthogonal to these methods, and the low-rank bottleneck prob-
lem exists universally in Transformers, thus our solution can be
quite general for most models.

5.2. Low-rank bottleneck

Yang et al. [14] first identify the Softmax bottleneck in the last
Softmax layer of recurrent neural networks (RNNs). They prove
that when the output projection dimension is smaller than the
vocabulary size, the Softmax function is incapable of producing
the desired true data distribution. Subsequent work further inves-
tigates this problem for RNNs [25,40–43]. However, the situation
of Transformers is slightly different from that of RNNs. The Soft-
max bottleneck in RNNs occurs because it is the Log-softmax
function that the logits actually go through for computing the
negative log-likelihood (NLL) loss. And the output of the Log-
softmax function is the linear combination of the input and an
all-one vector 1, which increases the rank by at most one [25].
In other words, the Log-softmax function is essentially linear
and thus the expressive power of the RNN model is limited. For
Transformers, they do not compute NLL loss when calculating the
attention weights, i.e., it is the Softmax function that the logits go
through, not the Log-softmax function. Therefore, the attention
weight matrix should be arbitrarily high-rank because of the non-
linear Softmax function. However, Bhojanapalli et al. [13] prove
that the Softmax function is not non-linear enough to increase the
rank of the attention weight matrix so that the Transformers still
suffer from the low-rank bottleneck problem. They propose to set
the head size equal to the sequence length to tackle the prob-
lem, which however, encounters severe parameter explosion and
overfitting problems. Besides, another line of contrasting work
leverages the low-rank structure in the attention weight matrix
and uses the low-rank matrix factorization technique to reduce
the computational complexity of Transformers [44], which also
confirms the existence of the low-rank bottleneck in multi-head
attention models.

5.3. Mixture model

The mixture models have been developed for a long history
in the field of machine learning. The most popular paradigm
is the Mixture of Experts (MoE) [45,46], which sets multiple
independent sub-models or layers to learn from the data and
then aggregates them to output the final result. The Mixture of
Softmax (MoS) proposed by Yang et al. [14] can be seen as a
particular MoE model, which introduces multiple Softmax layers
and aggregates their outputs to break the Softmax bottleneck. Our
work is partially inspired by the MoS model. However, we are
different in two folds. Firstly, MoS needs to introduce additional
Softmax layers and then mix their outputs, while Mixhead can
naturally leverage the existing attention heads for mixing, which
only introduces a small number of parameters. Secondly, MoS
targets the last Softmax layer of the RNN model, and Mixhead
is for all multi-head attention layers of the Transformer model.
For Transformer models, the most closely related models are
the Weighted Transformer [47] and the Multi-branch Attentive
Transformer [48]. However, these methods cannot tackle the
low-rank bottleneck problem, and we are different not only in

motivation but also in formula details.
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. Conclusion

In this paper, we study the low-rank bottleneck problem in
ulti-head attention models. We propose a simple yet effective
ethod to tackle this problem which is to replace the vanilla
ttention head with a mix-head attention parameterized by a
earnable mixing weight. We show that our method is effective
n breaking the low-rank bottleneck and is more efficient than
he previously proposed method. Besides, our method is easy
o implement and can be adopted to any multi-head attention
odel. For future study, we are planning to investigate how

he Mixhead will behave when training large-scale pre-trained
anguage models from scratch.
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